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1. Introduction
Let p be a prime number and let G be a ﬁnite p-solvable group. In [13], to every ordinary char-
acter χ ∈ Irr(G), G. Navarro associates a canonical pair (Q , δ), where Q is a p-subgroup of G and
δ ∈ Irr(Q ). This pair, which is uniquely determined by χ up to G-conjugacy, is called a vertex of χ .
If Q is a p-subgroup of G and δ is an arbitrary irreducible character of Q , then in accordance
with [13], we denote by Irr(G|Q , δ), the set of irreducible characters of G having vertex (Q , δ). The
union of the sets Irr(G|Q , δ), with δ running through Irr(Q ), is denoted by Irr(G|Q ).
Now assume that |G| is odd. Next ﬁx a p-subgroup Q of G . For any δ ∈ Irr(Q ), Navarro deﬁned,
in [14], a natural injection from Irr(G|Q , δ) into Irr(NG(Q , δ)|δ), the set of irreducible characters of
the stabilizer NG(Q , δ) of (Q , δ) in G that lie over δ. (See [14, Theorem 5.4].) By Clifford’s theory, the
composition of this injection with the induction map deﬁnes a natural injection ΩG,δ from Irr(G|Q , δ)
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A. Laradji / Journal of Algebra 336 (2011) 242–256 243into Irr(NG(Q )|δ). The ΩG,δ ’s taken together give rise to a natural injection ΩG,Q from Irr(G|Q ) into
Irr(NG(Q )) (see Theorem 4.1 below). Our ﬁrst main result is:
TheoremA. Let N G, where G is a group of odd order and letμ ∈ Irr(N|Q )where Q is a p-subgroup of N. Let
μ˜ = ΩN,Q (μ). Then there exists a natural p-defect-preserving bijection from the set Irr(G|μ) of irreducible
characters of G lying over μ onto the set Irr(NG(Q )|μ˜) of irreducible characters of NG(Q ) lying over μ˜.
Let b be a p-block of a normal subgroup N of G . Suppose Q is a defect group of b, and let b˜ be
the Brauer correspondent of b in NN (Q ). By a well-known result of M. Harris and R. Knörr [4], the
Brauer correspondence gives a defect group preserving bijection from the set Bl(NG(Q )|˜b) of p-blocks
of NG(Q ) that cover b˜ onto the set Bl(G|b) of p-blocks of G that cover b.
Denote by Irr0(b), the set of irreducible characters in b of height zero. Next, for a p-block B ∈
Bl(G|b), let
Irr
(
B|Irr0(b)
)= {χ ∈ Irr(B): χ lies over some μ ∈ Irr0(b)}.
Now the following is a consequence of Theorem A.
Theorem B. Let N be a normal subgroup of a group G of odd order, and let B and b be p-blocks of G and N
respectively such that B covers b. Let Q be a defect group of b and write b˜ for the Brauer correspondent of
b in NN(Q ). If B˜ ∈ Bl(NG(Q )|˜b) is the Harris–Knörr correspondent of B, then there exists a natural height-
preserving bijection from Irr(B|Irr0(b)) onto Irr(B˜|Irr0 (˜b)).
If, in Theorem B, Q is abelian, then by a result of P. Fong [2], every character in Irr(b) or in Irr(˜b)
is of height zero. So, in this case, Theorem B asserts the existence of a natural one-to-one height-
preserving correspondence between Irr(B) and Irr(B˜).
Theorem B implies, in particular, that B and B˜ contain equal numbers of irreducible characters
over height-zero characters. This fact is the ordinary analogue, for groups of odd order, of the main
theorem of [9].
We obtain Theorem B as a consequence of Theorem A. The argument used to prove Theorem A
relies heavily on a theorem of I.M. Isaacs [5, Theorem 10.9]. This result of Isaacs provides a natural
correspondence of characters in solvable groups of odd order. We should emphasize that the argu-
ment used by Isaacs to construct this correspondence only applies for solvable groups with a certain
oddness condition (the argument depends on some deep properties of the odd fully ramiﬁed sec-
tions). This is one major reason we are only able to prove our results for solvable groups of odd
order.
We do not know to what extent beyond groups of odd order Theorem B remains true. However, we
suspect for all p-solvable groups that a weaker statement than Theorem B is true: that Harris–Knörr
correspondents always contain equal numbers of irreducible characters over height-zero characters.
2. Isaacs’ character correspondence
Throughout this section, a prime p and a ﬁnite group G of odd order are ﬁxed. Let H be any
subgroup of G . Denote by Irrp′(H), the set of irreducible characters of H of degree not divisible
by p. Let P ∈ Sylp(H). In [5], I.M. Isaacs discovered a natural bijection HNH (P ) from Irrp′ (H) onto
Irrp′(NH (P )) (see [5, Theorem 10.9]). One property of this correspondence, we shall use, is the fact
that H
x
NHx (P
x)(χ
x) = HNH (P )(χ)x , for any χ ∈ Irrp′ (H) and any x ∈ G . Another important property of
the bijection concerns Gajendragadkar’s special characters [3]. (We assume that the reader is familiar
with the deﬁnition and basic properties of these characters.) Let Xp′(H) be the set of p′-special
characters of H . Then Xp′(H) ⊆ Irrp′(H) and Corollary 3.3 in [11] says that HNH (P ) maps Xp′ (H) ontoXp′ (NH (P )).
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consider the bijection (KNK (P ))
−1 ◦ HNH (P ) from Irrp′(H) onto Irrp′ (K ). Suppose that R is another
Sylow p-subgroup of H with NH (R) ⊆ K . Then R ∈ Sylp(K ) and thus R = Pk for some k ∈ K . Let
χ ∈ Irrp′(H). Then HNH (R)(χ) =H
k
NHk (P
k)
(χk) =HNH (P )(χ)k , and so
(
KNK (R)
)−1(
HNH (R)(χ)
)= [(KNK (P )
)−1(
HNH (P )(χ)
)]k
= (KNK (P )
)−1(
HNH (P )(χ)
)
.
Hence the bijection (KNK (P ))
−1 ◦HNH (P ) does not depend on the choice of the Sylow p-subgroup P
of H . We may then denote this map by HK .
We record a few properties of the map HK in the following lemma.
Lemma 2.1. Let H and K be subgroups of G such that NH (P ) ⊆ K ⊆ H, where P ∈ Sylp(H).
(i) H
x
K x (χ
x) =HK (χ)x, for any χ ∈ Irrp′ (H) and any x ∈ G.
(ii) HK restricts to a bijection of Xp′ (H) onto Xp′(K ).
(iii) Let H0 be a subgroup of H containing P and let K0 = K ∩ H0 . Then NH0(P ) ⊆ K0 , and if χ0 ∈ Irrp′ (H0)
is such that χ H0 ∈ Irr(H) and H0K0 (χ0)K ∈ Irr(K ), thenHK (χ H0 ) =
H0
K0
(χ0)
K .
Proof. (i) For χ ∈ Irrp′(H) and x ∈ G , we have
H
x
K x
(
χ x
)= (K xNKx (P x)
)−1(
H
x
NHx (P
x)
(
χ x
))
= (K xNKx (P x)
)−1(
HNH (P )(χ)
x)
= [(KNK (P )
)−1(
HNH (P )(χ)
)]x
=HK (χ)x.
(ii) Since HNH (P ) restricts to a bijection of Xp′ (H) onto Xp′(NH (P )) and (KNK (P ))−1 restricts to a
bijection from Xp′ (NH (P )) onto Xp′(K ), we have the result.
(iii) First NH0(P ) = H0 ∩ NH (P ) ⊆ H0 ∩ K = K0. Next by [11, Theorem 3.5], we have HNH (P )(χ H0 ) =

H0
NH0 (P )
(χ0)
NH (P ) and KNK (P )(
H0
K0
(χ0)
K ) = [K0NK0 (P )(
H0
K0
(χ0))]NK (P ) . Hence, (using the fact that
NK0 (P ) = NH0(P ) and NK (P ) = NH (P )),
KNK (P )
(

H0
K0
(χ0)
K )=H0NH0 (P )(χ0)
NK (P )
=HNH (P )
(
χ H0
)
.
Then HK (χ
H
0 ) = (KNK (P ))−1(HNH (P )(χ H0 )) =
H0
K0
(χ0)
K , as needed. 
Suppose P ∈ Sylp(G) and Q is a p-subgroup of G such that NG(P ) ⊆ NG(Q ). Let χ ∈ Irrp′(G). Then
χ belongs to a p-block B of G with defect group P . By [10, Theorem 5.3.8], there exists a unique p-
block B˜ of NG(Q ) having P as a defect group and such that B = B˜G . Now the main result of this
section is the following.
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and χ˜ = GNG (Q )(χ). If B is the p-block of G to which χ belongs, then χ˜ belongs to the unique p-block B˜ of
NG(Q ) having defect group P and such that B˜G = B.
Before proving this proposition, we need a lemma.
Lemma 2.3. Let P ∈ Sylp(G) and let Q be a p-subgroup of G such that NG(P ) ⊆ NG(Q ). Suppose L is a
normal p′-subgroup of G and write L˜ = L ∩ NG(Q ), so that L˜ = CL(Q ). Let ν ∈ Irr(L) be G-invariant and
let ν˜ ∈ Irr(˜L) be the Glauberman correspondent of ν with respect to the action of Q on L. If χ ∈ Irrp′ (G) and
χ˜ =GNG (Q )(χ), then χ lies over ν if and only if χ˜ lies over ν˜ .
Proof. Since ν is invariant in G , then ν˜ is invariant in NG(Q ). Next as P ⊆ NG(Q ), then P acts on L˜
and ν˜ ∈ IrrP (˜L). Let M = L ∩ NG(P ). Then M = CL(P ), and
CL˜(P ) = L˜ ∩ NG(P ) = L ∩ NG(P ) = M.
Now let ξ ∈ Irr(M) be the Glauberman correspondent of ν˜ with respect to the action of P on L˜.
By [6, Theorem 13.1(c)], ν˜ is the unique irreducible constituent of ν˜L satisfying p  [ν˜L, ν˜] and
ξ is the unique irreducible constituent of ν˜M such that [˜νM , ξ ] is not divisible by p. Therefore ξ
is the unique irreducible constituent of νM such that [νM , ξ ] is not divisible by p. It follows by [6,
Theorem 13.1(c)] that ξ is the Glauberman correspondent of ν with respect to the action of P on L.
Let θ = GNG (P )(χ). Then θ = 
NG (Q )
NG (P )
(χ˜ ). By [14, Corollary 3.4], χ lies over ν if and only if θ lies
over ξ , and χ˜ lies over ν˜ if and only if θ lies over ξ . The result is then immediate. 
Let B be a p-block of an arbitrary (ﬁnite) p-solvable group E and let L  E be a p′-group. Then
there is a (uniquely determined up to E-conjugacy) character ν ∈ Irr(L) such that all members of
Irr(B) lie over ν . Accordingly, ν is said to lie under B . In case L = O p′ (E) and ν is invariant in E , it
turns out that Irr(B) is precisely the set Irr(E|ν) of irreducible characters of E that lie over ν . (See,
for instance, [12, Theorem 10.20].)
Proof of Proposition 2.2. Let L = O p′ (G) and L˜ = L ∩ NG(Q ). Then L˜ = CL(Q ). Also by [16,
Lemma 3.7], L˜ = O p′(NG(Q )). Now choose ξ ∈ Irr(˜L) under B˜ . Write T˜ for the inertial group of ξ
in NG(Q ) and let b˜ be the block of L˜ to which ξ belongs. Then Irr(˜b) = {ξ}, so that T˜ is the stabilizer
of b˜ in NG(Q ). We have B˜ ∈ Bl(NG(Q )|˜b) and we let B˜ ′ ∈ Bl(T˜ |˜b) be the Fong–Reynolds correspon-
dent of B˜ . By [10, Theorem 5.5.10(iv)], as B˜ covers all NG(Q )-conjugates of b˜ and P is a defect group
for B˜ , we may assume that B˜ ′ has defect group P .
Next, let ν ∈ IrrQ (L) correspond to ξ under the Glauberman correspondence with respect to the
action of Q on L. By the discussion in the beginning of Section 3 of [16] and Theorem 3.2 of the same
paper, we note that ν lies under B . Now let T be the inertial group of ν in G . Then T˜ = T ∩ NG(Q ).
Suppose T = G . Then ξ is NG(Q )-invariant, and so Irr(B˜) = Irr(NG(Q )|ξ). Since χ ∈ Irr(B), χ lies
over ν . Then by Lemma 2.3, χ˜ lies over ξ and hence χ˜ ∈ Irr(B˜). We clearly have the result in this
case.
Suppose now that T < G . Since ν is Q -invariant, we have Q ⊆ T . Then T˜ = NT (Q ) and hence
(B˜ ′)T is deﬁned. Let b be the block of L to which ν belongs. Then Irr(b) = {ν}, so that T is the
stabilizer of b in G . As ν lies under B , then B ∈ Bl(G|b). Now let B ′ ∈ Bl(T |b) be the Fong–Reynolds
correspondent of B . Then ν lies under B ′ , and so by Theorem 4.6 in [16] we have B ′ = (B˜ ′)T .
Next as P ⊆ T˜ , we have P ⊆ T . Then
NT (P ) = T ∩ NG(P ) ⊆ T ∩ NG(Q ) = NT (Q ).
Let ψ ∈ Irr(T |ν) be the Clifford correspondent of χ . Then ψ ∈ Irrp′ (T ) (as χ ∈ Irrp′(G)), and ψ belongs
to a block of T covering b. As ψG = χ ∈ Irr(B), Theorem 5.5.10 of [10] implies that ψ ∈ Irr(B ′). Now
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again, the irreducible character ψ˜NG (Q ) belongs to B˜ . Now, using Lemma 2.1(iii), we get
χ˜ =GNG (Q )(χ) =GNG (Q )
(
ψG
)=TNT (Q )(ψ)NG (Q ) = ψ˜NG (Q ),
and so χ˜ ∈ Irr(B˜), as wanted. 
3. Navarro’s vertices
Let G be a p-solvable group. Suppose α ∈ Xp(G), the set of p-special characters of G , and β ∈
Xp′ (G). It turns out that the character αβ is irreducible and that this factorization is unique (see [3,
Proposition 7.1]). Any irreducible character χ of G which can be expressed in this factored manner
is called a p-factorable character, and we write χp and χp′ for the p-special and p′-special factors,
respectively.
A character pair in G is a pair (H, θ) where H is a subgroup of G and θ ∈ Irr(H). For character
pairs (H, θ) and (K , ξ), write (H, θ)  (K , ξ) if H ⊆ K and θ is a constituent of ξH . This deﬁnes a
partial order on the set of character pairs of G . Let G act on this set by (H, θ)g = (Hg, θ g), and note
that this action respects the partial order.
A character pair (N, θ) in which N  G and θ is p-factorable is called a p-factorable normal pair.
We write E(G) for the set of all p-factorable normal pairs in G , and the set of maximal elements of
E(G) is denoted by E ∗(G).
Let χ ∈ Irr(G). It is shown in [1] that there exists (L,ρ) ∈ E ∗(G) with (L,ρ) (G,χ) and that for
any (N, θ) ∈ E(G) such that (N, θ) (G,χ), there exists an element g ∈ G for which (N, θ)g  (L,ρ).
It is then plain that the pair (L,ρ) is uniquely determined up to G-conjugacy. Any such pair is called
a maximal p-factorable normal pair under χ .
In [13], Navarro deﬁnes the normal nucleus (W , γ ) of a character χ ∈ Irr(G) as follows. If χ is
p-factorable, then we let (W , γ ) = (G,χ). If χ is not p-factorable, choose a maximal p-factorable
normal pair (L,ρ) under χ . Then, as we have seen above, (L,ρ) is unique up to G-conjugacy. Let I
be the inertial group of ρ in G . Then, in view of Corollary 2.4 of [13], I < G . If ψ ∈ Irr(I|ρ) is the
Clifford correspondent of χ , then ψ is uniquely determined by χ up to G-conjugacy. Now recursively
deﬁne the normal nucleus of χ to be any G-conjugate of any normal nucleus of ψ .
It follows from the above construction that the set of normal nuclei of χ ∈ Irr(G) is a full
G-conjugacy class of character pairs. Also, for any normal nucleus (W , γ ) of χ , note that γ is p-
factorable and χ = γ G .
Let χ ∈ Irr(G) and suppose (W , γ ) is a normal nucleus for χ . If Q is a Sylow p-subgroup of W ,
then δ = (γp)Q is an irreducible character of Q by [3, Proposition 6.1]. According to [13], any pair
(Q , δ) obtained in this way is called a vertex for χ . The set of vertices of χ turns out to be a G-
conjugacy class of pairs. (See Section 3 in [13].)
4. Navarro’s character injection
In this section we let G be a group of odd order and Q , a p-subgroup of G . If δ ∈ Irr(Q ), we write
Irr(G|Q , δ) for the set of irreducible characters χ having vertex (Q , δ). Also, we denote by Irr(G|Q ),
the union of the character sets Irr(G|Q , δ), with δ running through Irr(Q ).
Let δ ∈ Irr(Q ) and suppose χ ∈ Irr(G|Q , δ). Then χ has a normal nucleus (W , γ ) with Q ∈
Sylp(W ) and δ = (γp)Q . Let γ˜p = (γp)NW (Q ) and γ˜p′ = WNW (Q )(γp′ ). Then γ˜p ∈ Xp(NW (Q )) by [3,
Proposition 6.1], and γ˜p′ ∈ Xp′ (NW (Q )). Also, as (γp)Q = δ, note that NW (Q ) = NW (Q , δ).
In [14], Navarro has shown that the induced character (γ˜p γ˜p′ )NG (Q ,δ) is uniquely deﬁned by χ
(and does not depend on the choice of the nucleus (W , γ )), and that the correspondence χ 	→
(γ˜p γ˜p′ )NG (Q ,δ) deﬁnes a (natural) injection ΨG,δ from Irr(G|Q , δ) into Irr(NG(Q , δ)|δ). (See [14, The-
orem 5.4].) Next, by Clifford theory [6, Theorem 6.11], the correspondence χ 	→ ΨG,δ(χ)NG (Q ) deﬁnes
a natural injection ΩG,δ from Irr(G|Q , δ) into Irr(NG(Q )|δ).
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for χ such that Q ∈ Sylp(W ′) and δ′ = (γ ′p)Q . As nuclei of χ are G-conjugate, we have (W ′, γ ′) =
(W g , γ g) for some g ∈ G . Now both Q and Q g are Sylow p-subgroups of W g . Then, by Sylow theory,
there exists w ∈ W for which Q = Q wg . So, in particular, wg ∈ NG(Q ). Now
(
γ ′p
)
NW ′ (Q )
= ((γ wg)p
)
NWwg (Q )
= ((γp)NW (Q )
)wg
= (γ˜p)wg .
Also
W
′
NW ′ (Q )
(
γ ′p′
)=W wgNWwg (Q )
((
γ wg
)
p′
)
=WNW (Q )(γp′)wg
= (γ˜p′)wg .
Then
ΩG,δ′(χ) =
((
γ ′p
)
NW ′ (Q )
W
′
NW ′ (Q )
(
γ ′p′
))NG (Q )
= ((γ˜p γ˜p′)wg
)NG (Q )
= ΩG,δ(χ),
where the last equality follows from the fact that wg ∈ NG(Q ). Therefore the ΩG,δ ’s taken together
deﬁne a natural map ΩG,Q from Irr(G|Q ) to Irr(NG(Q )).
Theorem 4.1. ΩG,Q is a natural injection from Irr(G|Q ) into Irr(NG(Q )).
Proof. Let χ,θ ∈ Irr(G|Q ) and suppose ΩG,Q (χ) = ΩG,Q (θ). Then χ ∈ Irr(G|Q , δ) and θ ∈ Irr(G|Q , ε)
for some δ, ε ∈ Irr(Q ). Now both δ and ε lie under ΩG,Q (χ). Hence ε = δx for some x ∈ NG(Q ), and
so (Q , ε) = (Q , δ)x . It follows that θ ∈ Irr(G|Q , δ). Now ΩG,δ(θ) = ΩG,Q (θ) = ΩG,δ(χ). But we know
that ΩG,δ is one-to-one. Hence θ = χ . The map ΩG,Q is then one-to-one. 
The next result is needed in Section 5.
Lemma 4.2. Let N  G with Q ⊆ N, and suppose μ ∈ Irr(N|Q ). Let μ˜ = ΩN,Q (μ). If x ∈ NG(Q ), then
μx ∈ Irr(N|Q ) and μ˜x = ΩN,Q (μx).
Proof. Let (Q , δ) be a vertex of μ. Then there is a normal nucleus (W , γ ) for μ such that Q ∈
Sylp(W ) and δ = (γp)Q . Now μ˜ = ((γp)NW (Q )WNW (Q )(γp′ ))NN (Q ) .
Let x ∈ NG(Q ). Then, by the deﬁnition of the normal nucleus, it is easy to see that (Wx, γ x) is a
nucleus for μx . Now Q (= Q x) ∈ Sylp(Wx) and ((γ x)p)Q = ((γp)Q )x = δx . Then (Q , δx) is a vertex
of μx and so, in particular, μx ∈ Irr(N|Q ).
Now ΩN,Q (μx) = [((γ x)p)NWx (Q )W
x
NWx (Q )
((γ x)p′)]NN (Q ) . But ((γ x)p)NWx (Q ) = ((γp)NW (Q ))x and
W
x
NWx (Q )
((γ x)p′ ) =WNW (Q )(γp′ )x . It follows that ΩN,Q (μx) = μ˜x . The proof is now complete. 
We now turn our attention to blocks. Let B be a p-block of a p-solvable group E . Write Irr0(B)
for the set of characters in Irr(B) of height zero. Suppose D is a defect group of B , and let B˜ be
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|Irr0(B)| = |Irr0(B˜)|, thus establishing the Alperin–McKay conjecture for p-solvable groups. Our next
result shows that when E has odd order, a natural one-to-one correspondence exists between Irr0(B)
and Irr0(B˜).
Theorem 4.3. Let B be a p-block of G. Suppose D is a defect group for B and write B˜ for the Brauer correspon-
dent of B in NG(D). Then every χ ∈ Irr0(B) lies in Irr(G|D). Furthermore, ΩG,D restricts to a bijection from
Irr0(B) onto Irr0(B˜).
Before proving this theorem, we need an easy lemma.
Lemma 4.4. Let E be a p-solvable group and let α,β ∈ Irr(E) with α p-special and β p′-special. Then β and
αβ belong to the same p-block of E.
Proof. Let N = O p′ (E). The irreducible constituents of αN , being p-special by [7, Lemma 2.2], must
all be 1N . Then α belongs to the principal block of E . Now the result follows by [16, Lemma 2.9]. 
We can now prove Theorem 4.3.
Proof of Theorem 4.3. Let χ ∈ Irr0(B). First we prove that χ has vertex (D, δ) for some δ ∈ Irr(D).
Suppose that (Q , ε) is a vertex of χ . Then there exists a normal nucleus (W , γ ) for χ such that
Q ∈ Sylp(W ) and ε = (γp)Q . Since γ is p-factorable, Lemma 2.10 of [16] tells us that γ belongs to a
block b of W with defect group Q . Now, as χ = γ G , we have that bG is deﬁned and B = bG by [10,
Lemma 5.3.1]. Then by [10, Lemma 5.3.3], Q g ⊆ D for some g ∈ G . We have χ(1)p = |G : Q |pγ (1)p .
On the other hand, since χ ∈ Irr0(B), χ(1)p = |G : D|p . We are then forced to have Q g = D and
γ (1)p = 1. Then, by letting δ = εg , the character χ has vertex (D, δ). Now, for our purposes, there is
no loss in assuming that (D, δ) = (Q , ε).
By Theorem 4.1, we have a natural injection ΩG,D from Irr(G|D) to Irr(NG(D)). Now to ﬁnish the
proof, since | Irr0(B)| = |Irr0(B˜)|, it suﬃces to show that ΩG,D(Irr0(B)) ⊆ Irr0(B˜).
By Lemma 4.4, we have γp′ ∈ Irr(b). Now in view of Proposition 2.2, the character WNW (D)(γp′ ) be-
longs to the Brauer correspondent b˜ of b in NW (D). Next, since γp is p-special, then so is (γp)NW (D)
by [3, Proposition 6.1]. Also, as γp′ is p′-special, we know that WNW (D)(γp′ ) is p
′-special. Then
Lemma 4.4 tells us that the p-factorable character (γp)NW (D)
W
NW (D)
(γp′ ) belongs to b˜.
Now ΩG,D(χ) = ((γp)NW (D)WNW (D)(γp′ ))NG (D) . Then by [10, Lemma 5.3.1], b˜NG (D) is deﬁned and
ΩG,D(χ) ∈ Irr(˜bNG (D)). Since b˜W = b and bG = B , Lemma 5.3.4 of [10] says that b˜G is deﬁned and
equals B . Then by the same lemma, we conclude that (˜bNG (D))G is deﬁned and equals B . It follows
that b˜NG (D) = B˜ , and therefore we have ΩG,D(χ) ∈ Irr(B˜).
Next, since γp(1) = 1 and D ∈ Sylp(NW (D)), we have
(
ΩG,D(χ)(1)
)
p =
∣∣NG(D) : NW (D)
∣∣
p =
∣∣NG(D) : D
∣∣
p .
This says that ΩG,D(χ) ∈ Irr0(B˜), and the proof of the theorem is complete. 
5. Proof of the main theorems
In this section we prove Theorems A and B. Toward that goal, we need a number of preliminary
results.
Let N  G where G has odd order, and let Q ∈ Sylp(N). Then there is a Sylow p-subgroup P of G
such that P ∩ N = Q . Suppose M is a normal subgroup of G containing N . Then P ∩ M ∈ Sylp(M).
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is a p-special character of M , the restriction αNM (Q ) is a p-special character by [3, Proposition 6.1].
With these observations, we have:
Lemma 5.1. Let N ⊆ M be normal subgroups of a group G of odd order, and let Q ∈ Sylp(N). Suppose μ is a
G-invariant p-factorable character of N and let μ˜ = (μp)NN (Q )NNN (Q )(μp′ ).
(i) If η is a p-factorable character of NG(Q ) that lies over μ˜, then there exists a unique p-factorable character
ζ of G such that η = (ζp)NG (Q )GNG (Q )(ζp′ ).
(ii) If θ is a p-factorable character of M, θ˜ = (θp)NM (Q )MNM (Q )(θp′ ) and I is the inertial group of θ in G,
then:
(a) NI (Q ) (= I ∩ NG(Q )) is the inertial group of θ˜ in NG(Q ).
(b) If χ is a p-factorable character of G, then χ lies over θ if and only if the p-factorable character
χ˜ = (χp)NG (Q )GNG (Q )(χp′) lies over θ˜ .
Proof. (i) By the Frattini argument G = NNG(Q ). Next as μ is invariant in G , then [3, Proposition 7.1]
implies that μp is invariant in G . Also N ∩ NG(Q ) = NN(Q ) and (μp)NN (Q ) is irreducible. Then,
in view of [7, Corollary 4.2], as ηp ∈ Irr(NG(Q )|(μp)NN (Q )), ηp extends to G . Next by [8, Theorem F],
ηp extends to a p-special character φ of G . Furthermore, by [3, Proposition 6.1], φ is the unique
p-special extension of ηp to G .
Next by Lemma 2.1(ii), there exists a unique p′-special character ψ of G for which ηp′ =
GNG (Q )(ψ). Let ζ = φψ . Then [3, Proposition 7.1] implies that ζ is the unique p-factorable charac-
ter of G such that η = (ζp)NG (Q )GNG (Q )(ζp′ ).
(ii) Let x ∈ NI (Q ). Then (θp)x = (θ x)p = θp , and hence ((θp)NM (Q ))x = (θp)NM (Q ) . Also, in view of
Lemma 2.1(i),
MNM (Q )(θp′)
x =MNM (Q )
(
(θp′)
x)
=MNM (Q )
((
θ x
)
p′
)
=MNM (Q )(θp′).
It follows that θ˜ x = θ˜ . Next let y ∈ ING (Q )(θ˜ ), the stabilizer of θ˜ in NG(Q ). Then ((θ y)p)NM (Q ) =
(θp)NM (Q ) , and hence (θ
y)p = θp by [3, Proposition 6.1]. Also, using Lemma 2.1(i) again, we have
MNM (Q )(θp
′ ) =MNM (Q )((θ y)p′ ), and hence by Lemma 2.1(ii), we get (θ y)p′ = θp′ . It follows that θ y = θ .
We have thus proved (a). Next, we prove (b).
Let P be a Sylow p-subgroup of G such that P ∩N = Q . If R = P ∩M , then R ∈ Sylp(M). Lemma 3.5
of [14] says that χp′ lies over θp′ if and only if GNG (R)(χp′ ) lies over 
M
NM (R)
(θp′ ).
Next, we have P ∈ Sylp(NG(Q )), R ∈ Sylp(NM(Q )), NNG (Q )(P ) = NG(P ) and NNM (Q )(R) = NM(R).
Now let β = GNG (Q )(χp′ )(∈ Xp′(NG(Q ))) and ε = MNM (Q )(θp′ )(∈ Xp′(NM(Q ))). Then 
NG (Q )
NG (P )
(β) =
GNG (P )(χp
′ ) and NM (Q )NM (R) (ε) =MNM (R)(θp′ ).
Next we have NM(Q )  NG(Q ) and
NNG (Q )
(
P ∩ NM(Q )
)= NG(Q ) ∩ NG(P ∩ M ∩ NG(Q ))
= NG(Q ) ∩ NG(R)
= NG(R).
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NG (R)NG (P )
(
GNG (R)(χp′)
)=GNG (P )(χp′)
=NG (Q )NG (P ) (β).
Then by [14, Lemma 3.5] (with NG(Q ), NM(Q ), β , ε in place of G , N , χ and θ , respectively), we have
that β lies over ε if and only if GNG (R)(χp′ ) lies over 
NM (Q )
NM (R)
(ε) (= MNM (R)(θp′ )). It follows that χp′
lies over θp′ if and only if β lies over ε.
Now, to ﬁnish the proof, it suﬃces to show that χp lies over θp if and only if (χp)NG (Q ) lies over
(θp)NM (Q ) .
Suppose χp lies over θp . Since ((χp)M)NM (Q ) = ((χp)NG (Q ))NM (Q ) , we have that (χp)NG (Q ) lies
over (θp)NM (Q ) . Next assume (χp)NG (Q ) lies over (θp)NM (Q ) . As χp is p-special, we have (χp)M =
ξ1 + · · · + ξr for p-special characters ξ1, . . . , ξr of M . Then (χp)NM (Q ) = (ξ1)NM (Q ) + · · · + (ξr)NM (Q ) .
Now by [3, Proposition 6.1], every (ξi)NM (Q ) is p-special. Hence (θp)NM (Q ) = (ξi0 )NM (Q ) for some i0.
Then [3, Proposition 6.1], again, implies that θp = ξi0 . It follows that χp lies over θp . This clearly
ﬁnishes the proof of (b). 
Lemma 5.2. Let G be a group of odd order and let Q ⊆ N be subgroups of G such that N  G and Q is a
p-group. Suppose μ ∈ Irr(N|Q ) and let μ˜ = ΩN,Q (μ). If I is the inertial group of μ in G, then NI (Q ) is the
inertial group of μ˜ in NG(Q ).
Proof. Let x ∈ NG(Q ). If x ∈ I , then in view of Lemma 4.2, μ˜x = ΩN,Q (μ) = μ˜. On the other hand,
suppose μ˜x = μ˜. Then again by Lemma 4.2, μx ∈ Irr(N|Q ) and ΩN,Q (μx) = μ˜. Theorem 4.1 now
implies that μx = μ. The result is then immediate. 
Lemma 5.3. Let G be a group of odd order and let Q ⊆ N be subgroups of G where N  G and Q is a p-group.
Suppose μ ∈ Irr(N|Q ) is G-invariant and let μ˜ = ΩN,Q (μ). Let (W , γ ) be a normal nucleus for μ such
that Q ∈ Sylp(W ), and let γ˜ = (γp)NW (Q )WNW (Q )(γp′ ) (so that μ˜ = γ˜ NN (Q )). If S and S˜ are the respective
stabilizers of (W , γ ) in G and (NW (Q ), γ˜ ) in NG(Q ), then:
(i) G = SN, W = S ∩ N and character induction deﬁnes a bijection of Irr(S|γ ) onto Irr(G|μ).
(ii) NG(Q ) = S˜NN (Q ), NW (Q ) = S˜ ∩ NN (Q ) and S˜ = NS (Q ). Moreover, character induction deﬁnes a
bijection of Irr(˜S|γ˜ ) onto Irr(NG(Q )|μ˜).
Proof. (i) Let g ∈ G . As μ is invariant in G , (W , γ )g is a normal nucleus of μ. But any two normal
nuclei of μ are N-conjugate. Therefore (W , γ )g = (W , γ )n for some n ∈ N , and hence gn−1 ∈ S .
It then follows that G = SN .
Next as μ = γ N and W is normal in S∩N , we have ν = γ S∩N ∈ Irr(S∩N) and νW = ν(1)γ (1)−1γ .
Also
ν(1)γ (1)−1 = [νW , γ ] =
[
ν,γ S∩N
]= 1.
It follows that ν(1) = γ (1) and therefore W = S ∩ N .
The last statement follows from Corollary 4.3 in [7].
(ii) Let h ∈ NG(Q ). Then as in (i), (W , γ )h = (W , γ )m for some m ∈ N . Now W = Whm−1 . As
Q ∈ Sylp(W ), we have Q m−1 = Q hm−1 ∈ Sylp(W ), also. Then, by Sylow theory, Q m−1 = Q w for some
w ∈ W , and hence wm ∈ NG(Q ). But w ∈ W ⊆ N and m ∈ N . It follows that wm ∈ NN (Q ). So, if
l = wm, we now have Wh = Wl with l ∈ NN (Q ). Then
NW (Q )
h = NWh (Q ) = NWl (Q ) = NW (Q )l.
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γ˜ h = ((γ h)p
)
NWh (Q )
W
h
NWh (Q )
((
γ h
)
p′
)
= ((γ l)p
)
NWl (Q )
W
l
NWl (Q )
((
γ l
)
p′
)
= γ˜ l.
Therefore hl−1 ∈ S˜ . This shows that NG(Q ) = S˜NN (Q ). Next, as μ˜ = γ˜ NN (Q ) , an argument similar to
that used in (i) to show that W = S ∩ N (with γ˜ in place of γ ), gives NW (Q ) = S˜ ∩ NN (Q ).
Next we show that S˜ = NS(Q ). Suppose k ∈ NS (Q ). Then (W , γ )k = (W , γ ), and hence we easily
see that (NW (Q ), γ˜ )k = (NW (Q ), γ˜ ). Therefore NS(Q ) ⊆ S˜ .
As G = SN and W = S ∩ N (by (i)), we have |G|/|N| = |S|/|W |. Similarly, since NG(Q ) =
S˜NN(Q ) and NW (Q ) = S˜ ∩ NN (Q ), we get |NG(Q )|/|NN (Q )| = |˜S|/|NW (Q )|. Next, we claim that
G = NG(Q )N .
Let g ∈ G . As μ ∈ Irr(N|Q ) and μ is invariant in G , we have μ ∈ Irr(N|Q g). But the vertices of
μ are N-conjugate. Therefore Q g = Q n for some n ∈ N , and hence gn−1 ∈ NG(Q ). This shows that
G = NG(Q )N , and our claim is valid.
We now have |G|/|N| = |NG(Q )|/|NN(Q )|, and then |S|/|W | = |˜S|/|NW (Q )|. Next, as Q ∈
Sylp(W ) and S normalizes W , we get S = NS(Q )W by the Frattini argument. Then |S|/|W | =
|NS(Q )|/|NW (Q )|. It follows that |˜S| = |NS(Q )|. Now since NS(Q ) ⊆ S˜ , we conclude that S˜ = NS (Q ).
The last assertion is immediate from [7, Corollary 4.3]. 
Our next proposition is an important step toward the construction of the map of Theorem A.
We should mention that in some parts of the proof of this proposition, we adapt some arguments of
Navarro, which he used to construct the character injection in Theorem 5.4 of [14].
Proposition 5.4. Let N  G where G is a group of odd order and let Q ∈ Sylp(N). Let μ be a G-invariant
p-factorable character of N and write μ˜ for the p-factorable character (μp)NN (Q )
N
NN (Q )
(μp′ ). Then there is
a natural bijection of Irr(G|μ) onto Irr(NG(Q )|μ˜).
Proof. First note that for any subgroup H of G containing N , H = NNH (Q ) by the Frattini argument.
Let χ ∈ Irr(G|μ). Next let (W , γ ) be a normal nucleus for χ . Since μ is G-invariant and p-
factorable, it follows by the construction of the normal nucleus that N ⊆ W and γ lies over μ.
Let R ∈ Sylp(W ) with Q ⊆ R . Then Q = R ∩ N , and hence NW (R) ⊆ NW (Q ). By [3, Proposi-
tion 6.1], (γp)NW (Q ) is a p-special character of NW (Q ). Also, the map 
W
NW (Q )
is deﬁned, and by
Lemma 2.1(ii), WNW (Q )(γp′ ) is a p
′-special character of NW (Q ). Let γ˜ = (γp)NW (Q )WNW (Q )(γp′ ). Then
γ˜ is a p-factorable character of NW (Q ). Now let χ˜ = γ˜ NG (Q ) . The objective now is to show that the
correspondence χ 	→ χ˜ deﬁnes the desired natural bijection from Irr(G|μ) onto Irr(NG(Q )|μ˜).
Step 1. χ˜ is independent of the choice of the normal nucleus (W , γ ).
Let (W ′, γ ′) be a normal nucleus for χ . Then (W ′, γ ′) = (W , γ )g for some g ∈ G . Since G =
NNG(Q ), we may assume that g ∈ NG(Q ). Now
(
γ ′p
)
NW ′ (Q )
= ((γp)g)NW g (Q ) =
(
(γp)NW (Q )
)g
.
Also, by Lemma 2.1(i),
W
′
NW ′ (Q )
(
γ ′p′
)=W gNW g (Q )
(
(γp′)
g)=WNW (Q )(γp′)g .
Then ((γ ′p)NW ′ (Q )
W ′
N (Q )(γ
′
p′ ))
NG (Q ) = γ˜ NG (Q ) . This shows that χ˜ only depends on χ .
W ′
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We prove this by induction on |G|. If χ is p-factorable, then (G,χ) = (W , γ ). In this case
χ˜ = γ˜ is p-factorable, hence irreducible, and (NW (Q ), γ˜ ) is clearly the sole nucleus for χ˜ . Next,
by Lemma 5.1(ii) (with W , N , γ in place of G , M and χ , respectively), as γ lies over μ, we have
χ˜ (= γ˜ ) lies over μ˜.
Now suppose that χ is not p-factorable. By the construction of the normal nucleus, there exists a
maximal p-factorable normal pair (M, θ) of G with M ⊆ W , γ ∈ Irr(W |θ), and such that if I is the
inertial group of θ in G , then W ⊆ I < G , ψ = γ I ∈ Irr(I|θ) and ψ has normal nucleus (W , γ ).
As (M, θ) is a maximal p-factorable normal pair under χ and μ is p-factorable and G-invariant,
we have that N ⊆ M and θ ∈ Irr(M|μ). It follows, in particular, that ψ ∈ Irr(I|μ). Since I < G , the
inductive hypothesis guarantees that ψ˜ = γ˜ NI (Q ) ∈ Irr(NI (Q )|μ˜) and (NW (Q ), γ˜ ) is a normal nucleus
of ψ˜ .
By Lemma 5.1(ii), NI (Q ) is the stabilizer of the p-factorable character θ˜ = (θp)NM (Q )MNM (Q )(θp′ )
in NG(Q ). Next, since γ lies over θ , then again by Lemma 5.1(ii) (with W in place of G), γ˜ lies
over θ˜ , and hence ψ˜ ∈ Irr(NI (Q )|θ˜ ). Now by the Clifford correspondence (see [6, Theorem 6.11]),
χ˜ = ψ˜NG (Q ) ∈ Irr(NG(Q )|θ˜ ). Furthermore, as ψ˜ lies over μ˜, then so does χ˜ . Next, we show that
(NW (Q ), γ˜ ) is a normal nucleus for χ˜ .
We claim that (NM(Q ), θ˜ ) is a maximal p-factorable normal pair of NG(Q ). Suppose, by way of
contradiction, that there exists a p-factorable normal pair (K ,ω) in NG(Q ) above (NM(Q ), θ˜ ) with
K = NM(Q ).
Let J = NK . Then, as K  NG(Q ) and G = NNG(Q ), we have J  G . Next
N J (Q ) = (NK ) ∩ NG(Q ) = KNN (Q ) = K ,
and so J = NN J (Q ). Now | J | = (|N||K |)/|NN(Q )|, and as M = NNM(Q ), |M| = (|N||NM(Q )|)/
|NN (Q )|. Since NM(Q ) < K , it follows that M < J .
Since θ lies over μ, part (b) of Lemma 5.1(ii) tells us that θ˜ lies over μ˜. Then ω lies over μ˜,
as ω lies over θ˜ . Now, by Lemma 5.1(i), there exists a p-factorable character ζ of J for which ω =
(ζp)N J (Q )
J
N J (Q )
(ζp′ ). Next part (b) of Lemma 5.1(ii) says that ζ lies over θ . But now ( J , ζ ) is a p-
factorable normal pair of G lying strictly above (M, θ). Therefore (NM(Q ), θ˜ ) must be a maximal
p-factorable normal pair of NG(Q ), as claimed.
Next, as χ is not p-factorable, we have M < G . Now since M = NNM(Q ) and G = NNG(Q ), it
follows that NM(Q ) < NG(Q ). So, in particular, χ˜ is not p-factorable.
Let us now recapitulate. The pair (NM(Q ), θ˜ ) is a maximal p-factorable normal pair under χ˜ , the
subgroup NI (Q ) is the inertial group of θ˜ in NG(Q ), and ψ˜(∈ Irr(NI (Q )|θ˜ )) is the Clifford correspon-
dent of χ˜ . Since (NW (Q ), γ˜ ) is a normal nucleus of ψ˜ , it follows (by the construction of the normal
nucleus) that (NW (Q ), γ˜ ) is a normal nucleus for χ˜ .
Step 3. The map χ 	→ χ˜ is one-to-one.
Let χ0 ∈ Irr(G|μ) and suppose χ˜0 = χ˜ . Next choose a normal nucleus (W0, γ0) for χ0, and note
that W0 contains N (see the beginning of the proof).
Let γ˜0 = ((γ0)p)NW0 (Q )
W0
NW0 (Q )
((γ0)p′ ). Then, by Step 2, (NW (Q ), γ˜ ) and (NW0 (Q ), γ˜0) are both
nuclei for χ˜ . Hence (NW0 (Q ), γ˜0) = (NW (Q ), γ˜ )x for some x ∈ NG(Q ). Since W = NNW (Q ) and
W0 = NNW0 (Q ), we deduce that W0 = Wx . Next, as γ˜0 = γ˜ x , we get ((γ0)p)NWx (Q ) = ((γ x)p)NWx (Q )
and W
x
NWx (Q )
((γ0)p′ ) = WxNWx (Q )((γ x)p′ ). Then (γ0)p = (γ x)p by [3, Proposition 6.1] and (γ0)p′ =
(γ x)p′ by Lemma 2.1(ii). It follows that γ0 = γ x . Now
χ0 = γ G0 =
(
γ x
)G = γ G = χ.
This shows that the map χ 	→ χ˜ is one-to-one.
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First, in view of part (a) of Lemma 5.1(ii), note that μ˜ is invariant in NG(Q ). Next let ξ ∈
Irr(NG(Q )|μ˜). Now choose a normal nucleus (V , τ ) for ξ . Since μ˜ is NG(Q )-invariant and p-
factorable, we have NN (Q ) ⊆ V and τ lies over μ˜.
Now let V ′ = NV . Then
NV ′ (Q ) = (NV ) ∩ NG(Q ) = V NN(Q ) = V .
By Lemma 5.1(i), there exists a unique p-factorable character τ ′ of V ′ such that τ = (τ ′p)VV ′V (τ ′p′ ).
Let ξ ′ = (τ ′)G . We prove by induction on |G| that ξ ′ ∈ Irr(G|μ) and that (V ′, τ ′) is a normal
nucleus for ξ ′ .
Suppose ξ is p-factorable. Then (NG(Q ), ξ) = (V , τ ), and so, in particular,
G = NNG(Q ) = NV = V ′.
Now clearly ξ ′ = τ ′ is irreducible and (V ′, τ ′) is the (sole) normal nucleus of ξ ′ . Next, as τ lies over μ˜,
part (b) of Lemma 5.1(ii) tells us that ξ ′ (= τ ′) lies over μ.
Suppose now that ξ is not p-factorable. By the construction of the normal nucleus, we can ﬁnd
a maximal p-factorable normal pair (L, η) of NG(Q ) with L ⊆ V , τ ∈ Irr(V |η) and such that if T is
the inertial group of η in NG(Q ), then V ⊆ T < NG(Q ), φ = τ T ∈ Irr(T |η) and φ has normal nucleus
(V , τ ).
Let T ′ = NT . As NN (Q ) ⊆ V ⊆ T , we have
NT ′(Q ) = NG(Q ) ∩ T ′ = T
(
N ∩ NG(Q )
)= T NN(Q ) = T .
Then |T ′| = (|N||T |)/|NN(Q )|. Since |G| = (|N||NG(Q )|)/|NN (Q )| and T < NG(Q ), we conclude that
|T ′| < |G|.
Since (L, η) is a maximal p-factorable normal pair of NG(Q ) under ξ and μ˜ is p-factorable and
NG(Q )-invariant, we have that NN (Q ) ⊆ L and η lies over μ˜. Therefore φ ∈ Irr(NT ′ (Q )|μ˜).
Now, by induction, we have φ′ = (τ ′)T ′ ∈ Irr(T ′|μ) and (V ′, τ ′) is a normal nucleus for φ′ .
Let L′ = NL. Then one can easily see that L = NL′(Q ). Since η lies over μ˜, then, in light of Lem-
ma 5.1(i), there exists a unique p-factorable character η′ of L′ for which η = (η′p)NL′ (Q )L
′
NL′ (Q )(η
′
p′ ).
Since L  NG(Q ) and G = NNG(Q ), note that L′  G . We claim that T ′ is the stabilizer of η′ in G .
Suppose S is the stabilizer of η′ in G . Then, by part (a) of Lemma 5.1(ii), NS(Q ) is the inertial
group of η in NG(Q ). Therefore NS (Q ) = T . Now we have
S = S ∩ NNG(Q ) = NT = T ′,
and our claim is valid.
Next, L′ = NL ⊆ NV = V ′ , and τ lies over η. Then τ ′ lies over η′ by part (b) of Lemma 5.1(ii).
Since φ′ = (τ ′)T ′ , we get that φ′ ∈ Irr(T ′|η′).
Now by the Clifford correspondence, ξ ′ = (φ′)G ∈ Irr(G|η′). Also, as φ′ lies over μ, then so does ξ ′ .
Next we show that (V ′, τ ′) is a normal nucleus of ξ ′ .
We claim that (L′, η′) is a maximal p-factorable normal pair in G . Assume, on the contrary, that
there exists a p-factorable normal pair (E, λ) of G such that (L′, η′) (E, λ) and L′ = E . Let λ˜ be the
p-factorable character (λp)NE (Q )
E
NE (Q )
(λp′ ) of NE(Q ).
Since λ lies over η′ , part (b) of Lemma 5.1(ii) says that λ˜ lies over η. Next as L′ = NNL′(Q ) and
E = NNE (Q ), we have |L′| = (|N||NL′(Q )|)/|NN (Q )| and |E| = (|N||NE(Q )|)/|NN(Q )|. Since L′ < E ,
it follows that L = NL′ (Q ) < NE(Q ). Now (NE (Q ), λ˜) is a p-factorable normal pair of NG(Q ) lying
strictly above (L, η), and this clearly contradicts the maximality of (L, η). Therefore (L′, η′) must be a
maximal p-factorable normal pair of G , as claimed.
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one for ξ ′ .
Finally, as ξ ′ lies over μ and has (V ′, τ ′) as a normal nucleus, we have
ξ˜ ′ = ((τ ′p
)
NV ′ (Q )
V
′
NV ′ (Q )
(
τ ′p′
))NG (Q )
= τ NG (Q )
= ξ.
This shows that the map χ 	→ χ˜ is onto. The proof of the proposition is now complete. 
The following result includes Theorem A.
Theorem 5.5. Let N  G where G is a group of odd order and let μ ∈ Irr(N|Q ), where Q is a p-subgroup of
N. Let μ˜ = ΩN,Q (μ).
(i) There is a natural p-defect-preserving bijection  from Irr(G|μ) onto Irr(NG(Q )|μ˜).
(ii) If χ ∈ Irr(G|μ) belongs to the p-block B of G, then the character (χ) belongs to a p-block B˜ of NG(Q )
such that B˜G = B.
Proof. Let T be the inertial group of μ in G . We claim that NT (Q ) is the inertial group of μ˜ in
NG(Q ). Suppose x ∈ NT (Q ). Then μx = μ, and by Lemma 4.2, it follows that μ˜x = μ˜. On the other
hand, assume μ˜y = μ˜ with y ∈ NG(Q ). Then, in view of Lemma 4.2, μ˜ = ΩN,Q (μy). Since the map
ΩN,Q is injective (by Theorem 4.1), we must have μy = μ. This shows that the stabilizer of μ˜ in
NG(Q ) is NT (Q ), as claimed.
In view of [6, Theorem 6.11], character induction deﬁnes bijections Υ from Irr(T |μ) onto Irr(G|μ)
and Υ˜ from Irr(NT (Q )|μ˜) onto Irr(NG(Q )|μ˜).
Let (W , γ ) be a normal nucleus for μ such that Q ∈ Sylp(W ), and let γ˜ = (γp)NW (Q )WNW (Q )(γp′ )
(so that μ˜ = γ˜ NN (Q )). Now let S be the stabilizer of (W , γ ) in T . Then, by Lemma 5.3(ii), NS (Q ) is
the stabilizer of (NW (Q ), γ˜ ) in NT (Q ).
By Lemma 5.3, character induction deﬁnes bijections ΘW ,γ from Irr(S|γ ) onto Irr(T |μ) and Θ˜W ,γ
from Irr(NS (Q )|γ˜ ) onto Irr(NT (Q )|μ˜). Next, by Proposition 5.4, there exists a natural bijection ΦW ,γ
from Irr(S|γ ) onto Irr(NS (Q )|γ˜ ).
Our ﬁrst task is to show that the bijection Θ˜W ,γ ◦ΦW ,γ ◦ (ΘW ,γ )−1 does not depend on the choice
of the normal nucleus (W , γ ).
Let ψ ∈ Irr(T |μ). Next let ξ be the character in Irr(S|γ ) such that ΘW ,γ (ξ) = ψ . Now choose
a normal nucleus (U , ε) for ξ . Then, by the proof of Proposition 5.4, we have W ⊆ U , ε˜ =
(εp)NU (Q )
U
NU (Q )
(εp′ ) is a p-factorable character of NU (Q ) and ΦW ,γ (ξ) = ε˜NS (Q ) . Now (Θ˜W ,γ ◦
ΦW ,γ ◦ (ΘW ,γ )−1)(ψ) = ε˜NT (Q ) .
Suppose now that (W ′, γ ′) is another normal nucleus of μ such that Q ∈ Sylp(W ′). Then
(W ′, γ ′) = (W , γ )n for some n ∈ N . Since Q and Q n−1 are both Sylow p-subgroups of W , then (by
Sylow theory) Q n
−1 = Q w for some w ∈ W . It follows that wn ∈ NN (Q ), and hence we may assume
that n ∈ NN (Q ).
It is easy to see that Sn is the stabilizer of (W ′, γ ′) in T . Then if γ˜ ′ = (γ ′p)NW ′ (Q )W
′
NW ′ (Q )(γ
′
p′ ), we
have γ˜ ′ = γ˜ n , and the subgroup NSn (Q ) is the stabilizer of (NW ′ (Q ), γ˜ ′) in NT (Q ).
Next we have ξn ∈ Irr(Sn|γ ′) and (ξn)T = ψ . Thus ξn = (ΘW ′,γ ′ )−1(ψ). Since (U , ε) is a normal
nucleus of ξ , then (by the construction of the normal nucleus), (U , ε)n is a normal nucleus for ξn .
Now if ε˜n = ((εn)p)NUn (Q )U
n
NUn (Q )
((εn)p′ ), we have (Θ˜W ′,γ ′ ◦ ΦW ′,γ ′ ◦ (ΘW ′,γ ′ )−1)(ψ) = (ε˜n)NT (Q ) .
But ((εn)p)NUn (Q ) = ((εp)NU (Q ))n and by Lemma 2.1(i), we have U
n
NUn (Q )
((εn)p′ ) = (UNU (Q )(εp′ ))n .
Hence ε˜n = ε˜n and it follows that (ε˜n)NT (Q ) = ε˜NT (Q ) . This shows that the bijection
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is independent of the choice of the normal nucleus (W , γ ).
Now let
 = Υ˜ ◦ Θ˜W ,γ ◦ ΦW ,γ ◦ (ΘW ,γ )−1 ◦ Υ −1.
Then  is a natural bijection of Irr(G|μ) onto Irr(NG(Q )|μ˜). Next, as Υ , Υ˜ , ΘW ,γ and Θ˜W ,γ are all
character induction maps, they preserve character defects. So, to prove that  preserves defects, it
suﬃces to show that the map ΦW ,γ preserves defects.
Let ζ ∈ Irr(S|γ ). Then choose a normal nucleus (Y , η) for ζ . By the proof of Proposition 5.4, we
have W ⊆ Y , η˜ = (ηp)NY (Q )YNY (Q )(ηp′ ) is a p-factorable character of NY (Q ) and ΦW ,γ (ζ ) = η˜NS (Q ) .
Since NY (Q ) contains a Sylow p-subgroup of Y , we have |NY (Q )|p = |Y |p . Next note that η˜(1)p =
η(1)p . Now as ζ(1) = |S : Y |η(1) and
ΦW ,γ (ζ )(1) =
∣∣NS(Q ) : NY (Q )
∣∣η˜(1),
it follows that |S|p/ζ(1)p = |NS(Q )|p/(ΦW ,γ (ζ )(1))p . This shows that ΦW ,γ preserves character de-
fects. The proof of (i) is now complete. Next we take care of (ii).
Let χ ∈ Irr(G|μ). Next set ρ = ((ΘW ,γ )−1 ◦ Υ −1)(χ) and let B be the block of G to which χ
belongs. Now choose a normal nucleus (X, σ ) for ρ . Then W ⊆ X and ΦW ,γ (ρ) = σ˜ NS (Q ) where σ˜ is
the p-factorable character (σp)NX (Q )
X
NX (Q )
(σp′) of NX (Q ).
Let b (resp. b˜) be the block of X (resp. NX (Q )) to which σ (resp. σ˜ ) belongs. Then, in view
of Lemma 4.4, σp′ and XNX (Q )(σp′ ) belong to b and b˜, respectively. Now Proposition 2.2 says that
b˜X = b. Also, by [10, Lemma 5.3.1], as χ = σ G , we have that bG is deﬁned and equals B .
Next let χ˜ = (χ) and let B˜ be the block of NG(Q ) to which χ˜ belongs. Then χ˜ = σ˜ NG (Q ) , and
so again by [10, Lemma 5.3.1], we have that b˜NG (Q ) is deﬁned and equals B˜ .
Now by Lemma 5.3.4 of [10], b˜G is deﬁned and equals B . Then, using the same lemma once more,
we conclude that B˜G is deﬁned and equals B . This clearly ends the proof of (ii). 
Let N  G where G is a group of odd order. Suppose μ ∈ Irr(N|Q ) where Q is a p-subgroup
of N , and let μ˜ = ΩN,Q (μ). If x ∈ NG(Q ), then by Lemma 4.2, μx ∈ Irr(N|Q ) and μ˜x = ΩN,Q (μx).
According to Theorem 5.5(i), we have natural bijections μ from Irr(G|μ) onto Irr(NG(Q )|μ˜) and
μx from Irr(G|μx) onto Irr(NG(Q )|μ˜x). It is clear that Irr(G|μx) = Irr(G|μ) and Irr(NG(Q )|μ˜x) =
Irr(NG(Q )|μ˜). The following shows that, in fact, μ and μx are the same map.
Lemma 5.6.With the above assumptions and notation, we have μx = μ .
Proof. Let χ ∈ Irr(G|μ). Write T for the inertial group of μ in G and let ψ be the unique character
in Irr(T |μ) such that χ = ψG . Next choose a normal nucleus (W , γ ) for μ such that Q ∈ Sylp(W ),
and let S be its stabilizer in T . In view of Lemma 5.3(i), there exists a unique character ξ in Irr(S|γ )
for which ψ = ξ T . Next choose a normal nucleus (U , ε) for ξ , and let ε˜ = (εp)NU (Q )UNU (Q )(εp′ ). Then
μ(χ) = ε˜NG (Q ) .
Now let x ∈ NG(Q ). It is clear that T x is the inertial group of μx in G . Furthermore, ψx is the
unique character in Irr(T x|μx) for which χ = (ψx)G . Next (Wx, γ x) is a normal nucleus for μx and
Q ∈ Sylp(Wx) (as x ∈ NG(Q )). Also, note that Sx is the stabilizer of (Wx, γ x) in T x . Since ξ ∈ Irr(S|γ )
and ξ T = ψ , we have ξ x ∈ Irr(Sx|γ x) and (ξ x)T x = ψx . Next, as ξ has normal nucleus (U , ε), then ξ x
has normal nucleus (Ux, εx). Now if ε˜x = ((εx)p)NUx (Q )U
x
NUx (Q )
((εx)p′ ), then μx (χ) = (ε˜x)NG (Q ) .
Since (εx)p = (εp)x , we have ((εx)p)NUx (Q ) = ((εp)NU (Q ))x . Also, as (εx)p′ = (εp′ )x , we get
U
x
NUx (Q )
((εx)p′ ) = UNU (Q )(εp′ )x by Lemma 2.1(i). It follows that ε˜x = ε˜x , and therefore μx(χ) =
(˜εx)NG (Q ) = ε˜NG (Q ) = μ(χ). This shows that μx = μ , as needed. 
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p-blocks of G and N respectively such that B covers b. If μ ∈ Irr(b), we write Irr(B|μ) for the set
Irr(B) ∩ Irr(G|μ). We are ﬁnally ready to prove Theorem B.
Proof of Theorem B. Let Irr0(b) = {μ1, . . . ,μm}. By Theorem 4.3, for each i, μi ∈ Irr(N|Q ) and if
μ˜i = ΩN,Q (μi), then μ˜i ∈ Irr0 (˜b).
For i ∈ {1, . . . ,m}, let μi be the natural bijection from Irr(G|μi) onto Irr(NG(Q )|μ˜i) given by
Theorem 5.5(i). Next denote by Λi , the restriction of μi to Irr(B|μi).
Let χ ∈ Irr(B|μi) (i ∈ {1, . . . ,m}). Then Λi(χ) lies over μ˜i . Since μ˜i ∈ Irr0 (˜b), it follows by Theo-
rem 5.5(ii) and the Harris–Knörr theorem that Λi(χ) ∈ Irr(B˜|Irr0 (˜b)).
Suppose that χ ∈ Irr(B|μ j) for some j ∈ {1, . . . ,m}. Then μ j = μxi for some x ∈ G . We now have
bx = b and so Q x is a defect group for b. Thus Q x is N-conjugate to Q and it follows that x ∈
NNG(Q ). Then μ j is NG(Q )-conjugate to μi , and by Lemma 5.6, we deduce that Λ j(χ) = Λi(χ).
Now the Λi ’s taken together deﬁne a map Λ from Irr(B|Irr0(b)) to Irr(B˜| Irr0(˜b)). Next we show
that Λ is a bijection.
Let χ1 ∈ Irr(B|μi1 ), χ2 ∈ Irr(B|μi2 ) and suppose Λ(χ1) = Λ(χ2). Then Λ(χ1) lies over both μ˜i1
and μ˜i2 . It follows that μ˜i2 = μ˜i1 y for some y ∈ NG(Q ). By Lemma 4.2, we have μyi1 ∈ Irr(N|Q ) and
μ˜i2 = ΩN,Q (μyi1 ). Since ΩN,Q is an injection (by Theorem 4.1), we get that μi2 = μ
y
i1
. Now χ1 and
χ2 both lie over μi1 , and we have
Λi1(χ1) = Λ(χ1) = Λ(χ2) = Λi1(χ2).
As Λi1 is one-to-one, we conclude that χ1 = χ2. This shows that Λ is one-to-one.
Suppose now that ξ ∈ Irr(B˜|Irr0 (˜b)). Then, in light of Theorem 4.3, ξ lies over μ˜k for some k ∈
{1, . . . ,m}. Next, there exists θ ∈ Irr(G|μk) such that ξ = μk (θ). Also, Theorem 5.5(ii) implies that θ
belongs to B . Now θ ∈ Irr(B|Irr0(b)) and
Λ(θ) = Λk(θ) = μk (θ) = ξ.
We have thus shown that Λ is onto.
In view of Theorem 5.5(i), every Λi preserves character defects. Since B and B˜ have equal defects,
it follows that Λ preserves character heights. The proof of the theorem is now complete. 
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